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ON FINITE COMPLETE REWRITING SYSTEMS AND LARGE 

SUBSEMIGROUPS 

K.B. WONG AND P.C. WONG 

Abstract. Let 5 be a semigroup and T be a subsemigroup of finite index in S (that is, the 
set S \T is finite). The subsemigroup T is also called a large subsemigroup of S. It is well 
known that if T has a finite complete rewriting system, then so does S. In this paper, we will 
prove the converse, that is, if S has a finite complete rewriting system, then so does T. Our 
proof is purely combinatorial and also constructive. 



bJO; 

P ■ 1. Introduction. 



Let 5* be a semigroup and T be a subsemigroup of finite index in S (that is, the set S \T 
is finite). Then T is called a large subsemigroup of 5*, and 5* is called a small extension of T. 
O ' In |1]) Ruskuc asked if S* is a small extension of T, whether 5* has a finite complete rewriting 



system if and only if T has a finite complete rewriting system (see |H Problem 11.1 (iii)] and 
[HI Remark 4.2]). This problem was partially solved by Wang in [5l Theorem 1], who proved 



^ . that if T has a finite complete rewriting system, then so does 5*. However it is still not known 

^ . whether T has a finite complete rewriting system or not, when S has a finite complete rewriting 

Q system. In this paper we shall prove that this is true, i.e., we shall prove the following: 

vn 

Q ■ Theorem 1.1. Suppose S is a small extension ofT. If S has a finite complete rewriting system, 

Ij • then so does T. 

?H I By Theorem 11.11 and the result of Wang [5l Theorem 1] , we have completely answered the 



problem posed by Ruskuc (see [H Problem 11.1 (iii)]). 

Corollary 1.2. Suppose S is a small extension of T . Then S has a finite complete rewriting 
system if and only if T has a finite complete rewriting system. 

Let A be a non-empty set. This set A is called the alphabet and the elements of A are called 
letters. We shall denote the free semigroup and free monoid on A by A'^ and A*, respectively. 
The elements of A^ and A* are called words. Note that A* = A'^ U {e}, where e is the empty 
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2 K.B. WONG AND P.C. WONG 

word. Given a word W ^ A*, we shall denote its length by ||W^||, defined as the numbers of 
letters in W. 

A rewriting system R over A is a set of rules U ^ V, which are elements of A'^ x A'^. 
A word Wi G A'^ is said to be rewritten to another word W2 G A+ by a one-step reduction 
induced by R, if Wi = Z1XZ2 and W2 = Z1YZ2 for some rule X -^ Y in R. In this situation 
we write Wi -^r W2- The refiexive transitive closure and the refiexive symmetric transitive 
closure of —>r are denoted by — t-^ and o^, respectively. The relation ^*^ is defined to be the 
congruence on A~^ generated by R and it defines the quotient semigroup S = A^ j ^\. S is 
said to be presented by the semigroup presentation [A; R\. If both A and R are finite, we say 
the semigroup presentation is finitely presented. For U G A+, [U]r shall denote the class of U 
modulo ^|j. 

Let Left(i?) = {X e A+ : X ^ F G i?} and Irr(i?) = A+ \ A*Left{R)A*. Obviously, Itt{R) 
is the set of all words in A'^ that cannot be reduced by any rule in R. A word W G A~^ is called 
an irreducible word if W^ G Irr(i?). 

We say R is Noetherian if there is no infinite reduction sequence, 

Wi ^R W2^rW^^r--- . 

R is said to be confluent if whenever U — >|j V and U — t-Jj W , then there is an X G A'^ such that 
V — T-^j X and W — t-^j X. If i? is both Noetherian and confiuent, we say that i? is a complete 
rewriting system. 

The following fact is well known. 

Theorem 1.3. Suppose R is a complete rewriting system. Then for each W G A'^ , there is a 
unique W G Irr(i?) such that W -)-|j W . 

Theorem ll.3l will be used implicitly in many parts of the paper. Let i? be a complete rewriting 
system on A"*". Then given any word W G A"*", by Theorem 11.31 there is a f/ G Irr(i?) such that 

W ^R Wi ^rW2^R >R Wn = U. 

The length of the above reduction sequence starting with W and ends with U is n. The 
disorder of W, denoted by dR{W), is the maximum of the lengths of all of the reduction 
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sequences starting with W and ends with U. Note that dniW) is finite. Suppose it is not. 
Then there is a Vi G A'^ such that W — >r Vi and ^^(Vi) is infinite, for the number of subwords 
of W that are contained in Left(-R) is finite. Then again there is a V2 G A"*" such that Vi -^r V2 
and (iij(V2) is infinite, and this process can go on indefinitely. So W ~^r Vi -^r V2 -^r ■ ■ ■ 
is an infinite reduction sequence, a contradiction. Note also that W G Irr(i?) if and only if 
dR{W) = (see and [3]). 

The following useful lemma is obvious. 

Lemma 1.4. If U -^r V, then cIr^U) > dR{V). Furthermore if W is a subword of U , then 
dR{U)>dR{W). 

A semigroup is said to have a finite complete rewriting system if it has a finitely presented 
semigroup presentation for which the rewriting system is complete. 

2. A criterion. 

Let [A ; i?] be a finitely presented semigroup presentation for 5* for which R is complete. 
Let T be a subsemigroup of S. In this section we first prove a criterion for [B ; Rt] to be a 
semigroup presentation for T where B is any non-empty set and Rt is a complete rewriting 



system over B. This will be done in Theorem 12.21 Then by replacing T with S we can get 
[B ; Rs] to be a semigroup presentation for S and Rs is a complete rewriting system over B. 
This will be done in Corollary 12.31 

Let A{T) be a subset of A'^ such that 

{W G Irr(i?) : [W]r G T} C A{T) C {W e A+ : [W]r G T}. 

Let {B, Rt, A{T), 0, p) be a 5-tuple where 5 is a non-empty set, Rt is a rewriting system over 
B, (f) : B^ ^ A+ is a homomorphism with [0(f/')]iJ e T for all U' G fi+, and p : A{T) -^ B+ 
is a function. We say the 5-tuple {B,Rt,A{T),(J), p) has Property TZ relative to [A ; R], if it 
satisfies the following: 

(PI) for any U E A{T) and Vi G A+ with U ^rVi, there is a U' e B+ such that U ^r 

Vi ^*R <P{U') and p{U) ^R, U', 
(P2) for any U' , V G B+ with U' -^Jj^ 1/', we have (j){U') ^*ji (j){V'), 
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(P3) there does not exist an infinite reduction sequence 

of words from B+ sucli that 0(f/() = (p{U^) = (piU^) = ■■■, 
(P4) for each U' E B+ there is a U" E B+ such that 0(f/") E A{T) and U' ^|j^ U", 
(P5) 0(p(f/)) = U for all U E A{T), 
(P6) U' ^|j^ p(0(f/')) for all U' E B+ with 0(f/') E A{T). 

Lemma 2.1. Suppose (PI), (P2), (P4), anc? (P6) hold. Then for any U E A{T) andV E Itt{R) 
with U ^*ji V, we have V E A{T) and p{U) ^^^ p{V). 

Proof. By the definition of A{T), clearly V E A{T). We shall prove by induction on dR{U) that 

P{U) -^*nr P(^)- 

Suppose dR{U) = then U = V. Thus p{U) = p{V) and p{U) ->|j^ p{V). Suppose 
dR{U) > 0. Assume that it is true for all f/i with dfi{Ui) < d^lU). 

Let U ^R Vi ^|j V. By (PI), there is a U' E B+ such that U ^r Vi ^\ <j){U') and 
piU) -^R^ U'. By (P4), there is a U" E B+ such that 0(f/") E A{T) and U' ^\^ U" . By 
(P2), 0(f/') ^^ 0([/"). Therefore f/ ^\ (j){U") and p(f/) ^|j^ U". Since V^ G Irr(/?), we 
have (f){U") — i-Jj V. Furthermore dR{(j){U")) < dR{U) (by Lemma [1.4p . Therefore by induction 
P{4>{U")) ^*R, PiV). Now by (P6), U" ^*j,^ p{<P{U")). Hence p{U) ^\^ p{V). 

The proof of this lemma is complete. D 

Theorem 2.2. If {B,Rt,A{T),(J), p) has Property 7^ relative to [A ; R], then [B ; Rt] is a 
semigroup presentation for T and Rt is complete. 

Proof. We will first prove that [B ; Rj-] is a semigroup presentation for T. Let ip : [B ; R^] — > T 
be defined by iP{[U']rj,) = [(f){U')]R for all U' E B^. Now we show that ip is well defined. It 
is sufficient to prove U' -^Rj, V for V E B^ implies that (piU') — J-^j (piV). This fact follows 
from (P2), so ip is well defined. 

Now we show that ip is a. homomorphism. Let U', V E B^. Then ip{[U'V']Rr^) = [(P{U'V')]r, = 
[(p{U')(p{V')]R = [(P{U')]r[(P{V')]r = tp{[U']R^)tp{[V']R^), where the second equality follows from 
the fact that is a homomorphism. 



FINITE COMPLETE REWRITING SYSTEMS 5 

Now we show that tp is surjective. Let [W]r G T for some W G A'^. Since R is complete, we 
may assume W G Irr(i?). Note that W G A{T), so ij{[p{W)]R^) = [0(p(iy))]i?, = [W]r, where 
the last equality follows from (P5). Hence ip is surjective. 

Now we show that tp is injective. Let U',V' G B+ with ^Ij{[U']r^) = ^{[V']r^). Then 
[(f){U')]R = [(f){V')]R. By (P4), there are U",V" G 5+ such that (f){U"),(j){V") G A(T), f/' ^|j^ 
^", V^' ^1?. ^"- By (P2), <P{U') ^*^ <p{U") and <p{y') ^\ <p{y"). So [<P{U")]r = [<P{V")]r. 
Since i? is complete, there is a \4 G lrr(_R) such that 0(f/") -^*r Vi and (piV") -)-Jj V^i. By 
Lemma EB pi^iU")) ^*j^^ p{Vi), and then by (P6), U" ^*j^^ p{Vi). Therefore U' ^*j^^ p{Vi). 
Similarly, we have V -^*r^ p(^i)- Hence [U']rj. = [p{Vi)]rj. = [V']rj. and ip is injective. 

Now we have shown that [B ; Rt] is a semigroup presentation for T, via ip. We will now 
proceed to prove that Rt is complete. 

Suppose Rt is not Noetherian. Then there exists an infinite reduction sequence 

of words from B^. By (P2), <f){Ul) — t-Jj 4>{U-^i) for all i. Since R is Noetherian, there is an 
integer zq such that for all i > iq, (t>{U[) = (piUlj^]), but this contradicts (P3). Hence Rt is 
Noetherian. 

Now we prove that Rt is confluent. Suppose U' -^*^^ VI and U' -)-|j^ V2 with U', ¥{, V^ G 5+. 
By (P4), we may assume (piVl), 0(V^') G A{T). Since i? is complete, there is a V3 G lrr(i?) with 



0(W) ^*R ^3 and 0(^0 ->|j ^3- By Lemma EH p(0(V;')) ^|j^ ^(^3), and then by (P6) 
VI -^*R^ piYs)- Similarly V^ -^*r^ piy-s)- Hence Rt is confluent and is complete. D 

In the case when T = S and there is a 5-tuple {B, Rs, ^(5*), (p, p) that has Property TZ relative 
to [A ] R], we have the following corollary: 

Corollary 2.3. [B ; Rs] is a semigroup presentation for S and Rs is complete. 

3. Changing the semigroup presentation for S. 

Let [A ; i?] be a finitely presented semigroup presentation for 5" for which R is complete. Let 
Wq G A+ be such that \\Wo\\ > 1 and Wq G Irr(_R). Now let s be a letter that does not appear 
in A and set i? = A U {s}. We wish to find a complete rewriting system Rs such that [B ; Rs] 
is a finitely presented semigroup presentation for S and Wq -^*Rg s. 
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By Corollary I2.3[ we need to find a 5-tuple {B,Rs,A{S),(f), p) that has Property TZ relative 
to [A ] R]. Note that B has been defined and is finite. 

Let A{S) = A'^. Let 0i : -B — )■ A'^ be defined by 0i(a) = a for all a G A and 0i(s) = 
Wq. Clearly 0i can be extended to a homomorphism : B^ — )■ A+ by defining 0(t/') = 
0i(6i) . . . 4>i{bi) for all f/' = 61 . . . 6/ G -B+. For convenience, we may define 4>{eB) = ca where 
e^ and e^ are empty words in B* and A*, respectively. 

Recall that we have set A{S) = A~^. We define p : A{S) — ?■ B^ as follows : 

Let W G A(S). 

(a) If W ends with the subword Wq, say W^ = XiWq for some Xi G A* (we use A* instead 
of A+ because we allow Xi to be the empty word), then p(W) = p{Xi)s (in the event 
Xi = eA, set p(Vr) = s). 

(b) Suppose W does not end with the subword Wq. Let W = X2a for some X2 G A* and 
a e A. Set p(iy) = p(X2)a (in the event X2 = e^, set p{W) = a). 

As for the homomorphism 0, we may define p(eA) = ^b- 

Lemma 3.1. Lei Xi,X2,X3 G A(5). // p(XiX2X3) = p(XiX2)p(X3), then piX^X-,) = 
p(X2)p(X3). 

Proof. We prove by induction on IIX3II. Clearly it holds if IIX3II = 0, i.e., X3 is the empty word. 

Suppose 1 1X3 1 1 > 0. Assume that it holds for all X4 with IIX4II < IIX3II. 

Case 1. Suppose X3 ends with the subword Wq, say X3 = X4W0 for some X4 G A*. Then 

p(XiX2X3) = p(XiX2X4)s, p(X2X3) = p(X2X4)s and p(X3) = p{X,)s. Since p(XiX2X3) = 

p(XiX2)p(X3), we have p(XiX2X4) = p(XiX2)p(X4). By induction, p(X2X4) = p(X2)p(X4). 

Therefore p(X2X3) = p(X2X4)s = p(X2)p(X4)s = p(X2)p(X3). 

Case 2. Suppose X3 does not end with the subword Wq. Let X3 = X4a for some a ^ A and 

X^e A*. Then p(X3) = p(X4)a. Now p(XiX2X3) = p(XiX2)p(X3) = p(XiX2)p(X4)a. So 

p(XiX2X3) is a word in B^ that ends with the letter a. 

We claim that X1X2X3 does not end with the subword Wq. Suppose the contrary. Then 
X1X2X3 = ZiWo for some Zi G A* and p(XiX2X3) = p{Zi)s. So p(XiX2X3) is a word in B+ 
that ends with the letter s. But this contradicts the last sentence of the previous paragraph. 
Thus our claim has been established. Therefore X1X2X3 = XiX2X4a and p(XiX2X3) = 



FINITE COMPLETE REWRITING SYSTEMS 7 

p{XiX2X4)a. This implies that p{XiX2X4) = p{XiX2)p{X4), and by induction p{X2X4) = 
p{X2)p{X,). 

Note also that X2X3 does not end with the subword Wo, for otherwise X1X2X3 would 
end with the subword Wq. Therefore X2X3 = X2Xia and p(X2X3) = p{X2X^a. Since 
p{X2Xi) = p{X2)p{X4) and pi^X^,) = p{X4)a, we conclude that p(X2X3) = p{X2) pi^X^,) . □ 

Lemma 3.2. Let Xi,X2 G A{S). Then either 

(a) p(XiX2) = p(Xi)p(X2), or 

(b) p(XiX2) = p{Zi)sp{Zi) where Xi = Z1Z2, X2 = Z^Z^ and Z2Z3 = Wq (Zi,Z^ e A* 
and Z2, Z^ G A'^). 

Proof. We prove by induction on ||X2||. Clearly it holds if IIX2II = 0, i.e., X2 is the empty word. 
Suppose 11X2 II > 0. Assume that it holds for all X3 with IIX3II < ||X2||. 

Case 1. Suppose X2 ends with the subword Wq, say X2 = X^Wq for some X3 G A*. Then 
p(XiX2) = p{XiXs)s. If X3 is the empty word, then p(XiX2) = p(Xi)s = p(Xi)p(X2), 
we are done. If X3 is not the empty word, then p(XiX2) = p{XiXs)s, and by induction 
(IIX3II < IIX2II), either p(XiX3) = p(Xi)p(X3) or p(XiX3) = piZ^)sp{Z,), where X^ = Z,Z2, 
X3 = Z^Zi and ^'2^3 = Wq {Zi, Z4 G A* and Z2, Z^ G A'^). Suppose the former holds. Then 
p(X2) = p(X3W^o) = p{Xs)s and p(XiX2) = piX^X,)s = p{X,)p{X^)s = p{X^)p{X2). 

Suppose the latter holds. Then X2 = Z3Z4W0 = Z^Zr^ (Z5 = Z^Wq) and p(XiX2) = 
p{XiXs)s = p{Zi)sp{Z4)s = p{Zi)sp{Z4Wo) = p{Zi)sp{Z^). Thus the lemma holds. 
Case 2. Suppose X2 does not end with the subword Wq but X1X2 ends with the subword Wq, 
say X1X2 = X^Wo for some X^e A*. Then ||Wo|| > IIX2II and Xi = X3X4 where X4X2 = Wq 
(X4 G A'^). Note that p(XiX2) = p(X3)s and the lemma holds. 

Case 3. Suppose X1X2 does not end with the subword Wq. Let X2 = X^a where a & A 
and X3 G A*. Then p(XiX2) = p(XiX3)a. Since IIX3II < IIX2II, by induction and using an 
argument similar to Case 1, we conclude that the lemma holds. D 

Lemma 3.3. 0(p(f/)) = U for all U G A{S). (Property (P5)). 
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Proof. Let U G A{S). We shall prove by induction on \\U\\ that 0(p(f/)) = U. If \\U\\ = 1, then 
U = a for some a & A and clearly (f){p{U)) = a = U. Suppose \\U\\ > 1. Assume the lemma 
holds for all f/i G A{S) with ||[/i|| < \\U\\. 

Suppose U ends with the sub word Wq, say U = XiWo for some Xi E A*. Then p{U) = p{Xi)s 
and (j){p{U)) = 0(p(Xi))0(s) = 0(p(Xi))14^o = -^iW^o = f^; where the first equality follows from 
the fact that is a homomorphism, and the second last equality follows from induction (clearly 

ll^ill < \\u\\). 

Suppose U does not end with the subword Wq. Let U = X2a for some X2 G A* and a E A. 
Now p{U) = p{X2)a and similarly by induction (j){p{U)) = 0(p(X2))0(a) = 0(p(X2))a = X2a = 
U. Hence the lemma holds. D 

Now we define the rules in Rs- Recall that Wq G Irr(i?) and \\Wo\\ > 1. 

(CI) for each X ^ F G i? put p(X) -^ p{Y) in Rs; 

(C2) put Wo^ sinRs; 

(CS) if there is a rule X1X2 -^ Yi e R such that Wq = Z^Xi (Xi, Yi G A+ and X2, Zi G A*), 

put p{ZiXiX2) -^ p{Y') in i?5 where Z1X1X2 ^*r Y' and Y' G Irr(i?); 
(C4) if there is a rule X2X1 ^ Yi e R such that PVo = ^1^1 (^1, >"i e ^+ and X2, Zi G A*), 

put p(X2XiZi) ^ p(r') in i?5 where X2X1Z1 ^|j F' and F' G Irr(i?); 
(C5) if there is a rule X2X3X4 ^ Fi G i? such that Wq = X4X5 = X1X2 (X2, X4, Fi G A+ and 

X3,X5,Xi G A*), put p{X^{X2X,X,)X,) ^ p(F') in i?^ where X^{X2XsX,)X, ^*^ Y' 

and F' G Irr(i?); 
(C6) if there are Xi, X2, X3 G A+ such that Wq = X1X2 = X2X3, put 5X3 — )■ Xis in Rs (in 

the event of this we must have ||Xi|| = IIX3II). 

Note that the number of rules of the form CI and C2 that we put in Rs is finite. The number of 
rules of the form C3 that we put in Rs is also finite because R is finite and Wq is a fixed word. 
Similarly for the number of rules of the form C4 up to C6. Therefore Rs is a finite rewriting 
system. 

Remark. Note that one can subsume the rules (CI), (C3), and (C4) all within (C5) by just 
allowing X1X2 and X4X5 be empty, as well as equal to Wq. 
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Since A{S) = A'^, the condition 0(f/') G A{S) for U' G B^ is vacuously always true. So 
Property (P6) takes the following form. 

Lemma 3.4. U' ^|j^ p{(p{U')) for all U' e B+ . (Property (P6)). 

Proof. Let U' G B^ . We shall prove by induction on \\U'\\ that U' — '■/jg p{.4'iU')). Suppose 
||[/'|| = 1. Then U' = a for some a G A or f/' = s (recall that B = AU {s}). In either cases, we 
have p(0(f/')) = U'. So f/' ^J^^ p(0(f/'))- 

Suppose \\U'\\ > 1. Assume the lemma holds for all U[ G B^ with ||f/{|| < \\U'\\. 
Case 1. Suppose U' G A+. Then 0(f/') = U'. If f/' ends with the subword Wo, say U' = XiWq 
for some Xi E A*, then p(f/') = p(Xi)s = p(0(Xi))s. Since W^o -^ s E Rs (the rule of the form 
(C2)), we see that f/' -^r^ XiS. Clearly ||Xi|| < \\U'\\. So by induction, Xi -^*^^ p(0(Xi)). 
Thus U' = XiWo ^Rs Xis ^*^^ p(0(Xi))s = p(0(f/')). 

If U' does not end with the subword Wq, then U' = X2a for some X2 G A^ and a E A. Note 
that p(f/') = p(X2)a = p(0(X2))a. By induction, X2 ^*r^ p(0(X2)). Thus U' ^|j^ p(0(f/'))- 
Case 2. Suppose U' = U[sU^ for some U^ G A+ and U[ G fi*. Note that 0(f/') = 0(f/{)lVof/2- 
If f/2 snds with the subword W^o, say f/2 = -^i^^o for some Xi G A*, then p{(j){U')) = 
p{(l){U[)WoX^Wo) = p{(l){U[)WoX^)s = p{<j){U[sX^))s. By induction, U[sX^ ^},^ p{(l>{U[sX^)). 
Also U' ^Rg U[sXis by the rule Wq ^ s e Rs (rule (C2)). Thus f/' ^|j^ p(0(f/'))- 

Suppose f/2 does not end with the subword Wq, but WqU2 ends with the subword Wq, say 
Wof/2 = X^Wq for some X2 G A+ . Then there is a X3 G A+ such that Wq = X2X3 = Xgf/^. So 
sf/2 "^ ^2S G -R^ (a rule of the form (C6)) and U' -^Rg U[X2S. On the other hand, p{(f){U')) = 
p(0(f/()X2W^o) = pi(piU[)X2)s = p{(t){U[X2))s, and also \\U[X2\\ = ||f/(|| + IIX2II = \\U[\\ + 
\\U^\\ < \\U'\\. Therefore by induction, U[X2 ^*r^ p(0(f/(X2)). Thus U' ^r,, U[X2S ^|j^ 

p(0(f/{X2))s = p(0(f/'))- 

Suppose WqU2 does not end with the subword Wq. Let f/2 — ^3'^ fo^ some a G A and 
f/^ G A*. Note that p(0(f/')) = p(0(f/()PVof/» = p{(t){U[)WQU'^)a = p{(t){U[sU'^))a. By 
induction U[sU'^ ^|j^ p(0(f/{sf/;^)). Thus f/' ^|j^, p(0(f/'))- 

Case 3. Suppose U' = U[s for some U[ G 5+. Note that 0(f/') = 0(f/()PVo and p(0(f/')) = 
p(0(f/O)s. By induction, f/{ ^|j^, p(0(f/O), and thus f/' ^*r^ p(0(f/'))- 

The proof of this lemma is complete. D 
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Since A{S) = A~^, we have 0(t/') G ^4(5) for all U' G B^. Therefore the following lemma 
holds by choosing U" = U' . 

Lemma 3.5. For each U' E B+ there is a U" E B+ such that (j){U") E A{S) and U' -^|j^ U" . 
(Property (P4)). 

Lemma 3.6. Suppose U' -^r^ V by one of the rules of the form (CI), (C3), (C4) or (C5). 
Then(f){U') ^(f){V'). 

Proof Note that all the rules (CI), (C3), (C4) or (C5) have the form p{X) -^ p{Y) where X ^Y 
and X ^Jj Y. 

Let U' = Z[p{X)Z'^ with Z[,Z'^eB\ Then V = Z[p{Y)Z'^. Note that 0(t/') = 0(Z()X0(Z^) 
and 0(V"') = 0(Z()y0(Z2) (by Lemma 13.31 and the fact that is a homomorphism) . If 
(f){U') = 0(V'), then X = F and 

X^j^Y^rX^rY^r--- , 

would be an infinite reduction sequence, contrary to the fact that R is complete. Hence (f){U') ^ 
0(r). D 

Lemma 3.7. There does not exist an infinite reduction sequence 

of words from B^ such that (p{U[) = 0(^/2) = ^{^3) = ■ ■ ■ • (Property (P3)). 

Proof. Suppose that such a sequence exists. Since (t>{U-) = 0(f/j'_^i), by Lemma [XB| we conclude 
that U- -^Rg f/j'+i by one of the rules of the form (C2) or (C6). Note that if a rule of the form 
(C2) is applied to U- —>Rg f^Z+i, then ||?7-_,_i|| < ||f^i||- If a rule of the form (C6) is applied to 
U' -^Rg U-^i, then ||f/j'+i|| = \\Ul\\ and one of the letter s in U-_^_i will be further to the right 
than it is in Ul- Thus \\Ul\\ > \\Ul_^_i\\ for all i. 

There is an integer iq such that for all i > io, ||f//|| = ||f/i^^||. So the only rule that can be 
applied on f// -^Rs f^i+i ^^ ^ ^^^^ ^^ the form (C6). Since one of the letter s in Ul^^ will be 
further to the right than it is in U^, this process cannot go on indefinitely. We have obtained a 
contradiction. Hence the lemma holds. D 
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Lemma 3.8. For any U',V' G i?+ with U' -^*j^^ V , we have (f>{U') — J-^j (f){V'). (Property 
(P2)). 

Proof. It is sufficient to show U' ^r^ V with U', V e B+ imphes that 0(f/') ^Jj (t>{V'). 
Suppose U' — >_R5 V by a rule of the form (CI), say p{X) — )• p(Y) G Rs where X ^ Y E R. 



Let U' = Z[p{X)Z'^ with Z[,Z'^ G B* . Then V = Z[p{Y)Z'^. By Lemma [SJl 0(f/') = 
0(Z;)X0(Z^) and 0(r') = 0(ZOr0(Z^). Clearly 0([/') ^/j 0(r') by the rule X -> F. 

Suppose U' ^Rs V by a rule of the form (C2). Let ?7' = Z(Wo^2 with Z[,Z'^e B*. Then 



y = Z[sZ'^. By Lemma [331 0(t/') = 0(^()Wo0(Z^) = 0(l^')- Clearly 0(f/') ^\ <piy'). 

Suppose U' -^Rs V by a rule of the form (C3), say p(ZiXiX2) — t- p(V'), where X1X2 — >■ 
Fi G i?, VFo = ZiXi and Z1X1X2 ^|j F' (Xi,Fi G A+, X2, Zi G A* and F' G Irr(i?)). Let 
?7' = Z'^p{ZiXiX2)Z'^ with Z^,Z^ G 5*. Then V = Z^p{Y')Zl By Lemma [331 0(t/') = 
</.(Z^)ZiXiX20(Z^) and 0(\/') = 0(Z^)rV(Z^). So 0(f/') ^*j, 0(\/'), for Z1X1X2 ^|j Y'. 

Similarly we can show that if U' -^Rg V by a rule of the form (C4), (C5) or (C6), then 
4>{U') — t-Ij 0(1^') • The proof of this lemma is complete. D 

Lemma 3.9. For any U G ^4(5) and V\ G A^ with U -^r V\, there is a U' E B^ such that 
U ^R Vi ^}j 0(f/') and p{U) -^Rg U'. (Property (PI)). 

Proof. Let U ^r Vi by a rule X2 ^ ^2 G R- Let U = X1X2X3 where Xi,X3 G A*. Then 

Vi = XiF2-^3 

Case 1. Suppose p(XiX2X3) = p(XiX2)p(X3). 

SubCase 1.1. Suppose p(XiX2) = p(Xi)p(X2). Then p{U) = p{Xi) p{X2) piX^) and also 

p{U) ^Rg p{Xi)p{Y2)p{X3) by the rule p(X2) -^ p{Y2) G Rs (a rule of the form (CI)). Let 



U' = p{Xi)p{Y2)p{X3). By Lemma [331 0(f^') = ^1^^2X3 = Vi and thus the lemma holds. 
SubCase 1.2. Suppose p(XiX2) 7^ p(Xi)p(X2). By Lemma [221 there are Z^.Z^ G A* and 
Z2, Z-i G A^ with Xi = ^1^2, X2 = ^3.^4 and ^'2^3 = Wq such that p(XiX2) = p{Z})sp{Z^. 
Note that p[Z2Z'iZ^ -^ p(F') G i?5 where Z2Z3Z4 -^|j F' and Y' G Irr(i?) (a rule of the form 
(C3)). Furthermore p{ZxZ2Z-iZ/^ = p(XiX2) = p{Zi)sp{Z4) = p{ZiZ2Z^)p{Z4). So by Lemma 



[3J1 p{Z2Z^Zi) = p{Z2Z3)p{Zi) = sp{Z4). Therefore p(XiX2) = p(Zi)sp(Z4) -^r^ p{Zi)p{Y') 
and 

p(f/) = p(XiX2)p(X3) ^R, p{Z{)p{Y')p{X,). 
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Let U' = p{Zi)p{Y')p{X-i). Then by Lemma [331 0(t/') = ZiY'X3. Note that Z2Z3Z4 ^r 
Z2Y2 ^*ji ¥' (for Y' e Irr(i?)). Therefore 

U = {ZiZ2){Z,Z,)X, ^R Vi = (^1^2)^2X3 ^^ 0(^0, 

and thus the lemma holds. 

Case 2. Suppose p(XiX2X3) 7^ p(XiX2)p(X3). By Lemma [221 there are 2'i,Z4 G A* and 

^2,^3 G A+ with X1X2 = Z1Z2, X3 = Z3Z4 and Z2Z3 = Wq such that p(XiX2X3) = 

p{Zi)sp{Z4). Since Wq G Irr(_R), we must have \\Z2\\ < IIX2II (if not, then X2 would be a 

subword of Wq and Wq ^ Irr(i?) because X2 ^ Y2 e R). Let X2 = X4Z2 for some X4 G v4+. 

Then Zi = X1X4. 

SubCase 2.1. Suppose p(XiX4) = p(Xi)p(X4). Note that p(X4Z2Z3) -4 p{Y') G Rs 

where X4Z2Z3 — J-^ Y' and F' G Irr(i?) (a rule of the form (C4)). Furthermore p(X4Z2Z3) = 

p(X4)s and p{U) = p(XiX2X3) = p{Zi)sp{Z,) = p{X^X^)sp{Z^) = p{X^)p{X^)sp{Z^) ^r^ 

p{Xi)p{Y')p{Zi). Let U' = p{Xi)p{Y')p{Z4). Then by Lemma[S31 0(f/') = XiY'Z^. As before 

X4Z2Z3 ^R Y2Z3 ^*ji Y' (recall that X2 = X4Z2) and 

U = {ZiZ2){ZsZ,) = {XiX,Z2){ZsZ,) ^R XiY2Z;Z, = Vi ^*j, <j){U'). 

So the lemma holds. 



SubCase 2.2. Suppose p(XiX4) 7^ p(Xi)p(X4). By Lemma [3.2[ there are Z^, Zs G A* and 
Zq, Z-j G A^ with Xi = ^5^6, X4 = Z'jZ^ and ^6^7 = W/q such that p(XiX4) = p{Z^)sp{Zs). 
Note that 

U = X1X2X3 = Z^Zq{Z'jZsZ2)Z2Z4^, 

and X2 = Z7Z8Z2. Also p{Ze{Z7Z8Z2)Z3) -^ p{Y') G Rs where Z6(Z7Z8Z2)Z3 ^|j Y' and 
y G Irr(_R) (a rule of the form (C5)). Since p^Z^ZqZyZs) = p(XiX4) = p{Z^)sp{Zii) = 



p{Zr,ZfiZj)p{Zs), by Lemma[3TIl p{ZqZjZs) = p{ZQZr)p{Zs) = sp{Zs). So p{ZQ{ZTZsZ2)Z-i) 
p{ZqZjZ^)s = sp{Z^)s and sp{Z^)s -^ p{Y') G Rs- 
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Recall that 

p{Z^Z^{ZjZsZ2)Z^Z^) = p{U) = piXiX^Xs) 

= p{Zi)sp{Zi) 
= p{X^X,)sp{Z,) 
= p{Z^)sp{Zii)sp{Zi). 

Therefore p{U) = p{Z,)sp{Zs)sp{Z,) ^r^ p{Z,)p{Y')p{Z,). Let U' = p{Z,)p{Y')p{Z,). 



Then by Lemma [331 (f)iU') = Z^Y'Z^. As before Z^{Z^Z^Z2)Z^ ^r ZQY2Z3 ^|j Y' (recall 
that X2 = X4Z2 = ZjZqZ2) and 

U = Z,Z,{ZrZsZ2)Z,Z, ^^ Z,Z,Y2Z,Z, = V, ^^ 0(f/'). 

The proof of this lemma is complete. D 

By Corollary 12. 3[ Lemma [3.91 Lemma [3. 8[ Lemma [3.71 Lemma [3.51 Lemma [3.31 and Lemma 
13. 4[ we have shown that [B ; Rs] is a semigroup presentation for S, Rs is a finite complete 
rewriting system and Wq -^r„ s. Now note that if f/' — ?■ V G Rs is a rule of the form (C2), 
(C3), (C4), (C5) or (C6), then \\U'\\ > 1. From this we conclude that s G lrr(i?s). Note also 
that a X e A+, X y^ Wo and ||X|| > 1, then ||p(X)|| > 1. Therefore ii X ^ Y e R with 
||X|| > 1, then p{X) -^ p{Y) G Rs and ||p(X)|| > 1 (a rule of the form (CI)). This implies 
that if a G A n Irr(i?), then a G Irr(i?5). 

Thus we have proved the following theorem. 

Theorem 3.10. Let [A ; R] be a finitely presented semigroup presentation for S for which R 
is complete. Let Wq G A'^ be such that \\Wo\\ > 1 and Wq G Irr(i?). Now let s be a symbol that 
does not appear in A and set B = AU {s}. Then there is complete rewriting system Rs such 
that [B ; Rs] is a finitely presented semigroup presentation for S and Wq -^r^ s. Furthermore 
s G 1tt{Rs), and a G Irr(i?5) for all a E A Cl lrr(i?). 

4. Reduction process. 

In this section we will make further refinements and improvements (we call them reductions) 
to Theorem 13.101 The reason for such reductions is that we need a finitely presented semigroup 
presentation for S, which can be handled easily. 
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Let S he a. semigroup and T be a large subsemigroup of S. Let [A ; _R] be a finitely presented 
semigroup presentation for S for which R is complete. Let S \T = {[Wi]r, [W2]r, ■ ■ ■ , [WuIr] 
with Wi G Irr(i?) and \\Wi\\ < \\W2\\ < ■■■ < ||l^n||- Suppose that \\Wi\\ = \\W2\\ = ■■■ = 
||WjQ_i|| = 1 and llM/joll > 1. By Theorem 13. 10[ there is a finitely presented semigroup presen- 
tation [Big ; i^jg] for 5* such that B = AU {sjq} for some symbol Sjq that does not appear in 
A, Rig is complete, Wi^ -)-|j^^ Si^ and Wi, W2, ..., Wi^^i, Si,, e Irr(i?iJ. 

Now in this new semigroup presentation [Bi^ ; Ri^], we see that 

s\T = {[w,u.^,[W2Ug,. . . , m,-iU^, [s^gUg, [wU^Ug,. . . , KUJ, 

with W,,..., Wig.u Sig, Wlg^„ . . . , ly; e Irr(i?,J. 

Note that this process can be continued (in at most n steps) until we obtain a finitely 
presented semigroup presentation [_B„ ; _R„] for S such that -R„ is complete and S \T = 
{[si]fl„, [s2]r„, . . . , [s„]/j„} with si, . . . , s„ G Irr(i?„) n 5„. 

In fact by a standard procedure described in [Tl, Section 2.2], we may further assume that for 
each X — 7- y G Rn, we have Y G Irr(i?), and for each X — )■ F G Rn, there is no X' G B^ for 
which X — !■«„ X' by any rule in Rn \ {X — )■ Y}. This is the form of the presentation that we 
will use. 



5. The main result. 

Let S' be a semigroup and T be a large subsemigroup of S. As stated in Section 4, we may 
assume that [A ; i?] is a finitely presented semigroup presentation for 5* for which R is complete 
and 

(Ql) S\T = {[si]r, [s2]r, . . . , [suIr} with si, . . . , s„ G Irr(i?) fl A, 
(Q2) for each X -)■ F G -R, we have Y G Irr(i?), 

(Q3) for each X ^ Y E R, there is no X' G A+ for which X — t-^ X' by any rule in 
R\{X ^Y}. 

In order to show that T has a finite complete rewriting system, we shall find a 5-tuple 
{B,RT,A(T),(f), p) that has Property TZ relative to [A ; R] and apply Theorem 12.21 
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Let Ai = {a & A : [a]ji G T} and As = {si, S2, ■ . ■ , s„}. Note that in general the union of 
As and Ai is not necessary equal to A. This is because there might exist an element b E A 
such that [6]/j E S \T. If this happens, we would have b — )-|j Sj for some i. 

Lemma 5.1. LetX ^Y e R with [X]r G T. Then 

(a) ifWE A'^ is a suhword of X and \W]r E S \T, then W = Si for some i, 

(b) ifWE A'^ is a suhword ofY and [W]r E S \T, then W = Si for some i. 

Proof, (a) Suppose W ^ As- Then by (Ql) W — )-|j Sj for some i. To be precise there is a 
Wi G A+ such that W ^r Wi -^|j Sj. Let W ^r Wi by the rule Xi ^ Yi. Since [X]r G T, 
we cannot have W = X. Therefore Xi ^ X and Xi ^ Fi G i? \ {X ^ F}. Let X = ZiVTZs 
where Zi, Z^ G A*. Then X ^^ ^11^1^2 by the rule Xi ^ Yi, contrary to (Q3). Hence W = Si 
for some i. 

(b) can be proved similarly using the fact that Y G Irr(i?) (see (Q2)). D 

We now begin to define the 5-tuple (E, Rt, A(T), 0, p). Let A(T)(0) be the set of all W G A+, 
such that [Vr]/j G T, and if Xi is a subword ly with \X}\r G 5'\T, then ||Xi|| = 1 and X\ G As- 
In other word, 

A(T)(0) = {VT G (Ai U As)+ : ^\r G T, and W does not contain any subword 

Xi with [Xi]^ G ^ \ T and ||Xi|| > 1}. 

The following lemma is clear from the definition of A(T)(0). 

Lemma 5.2. Let W G A(T)(0) arwi W he a suhword ofW. If [W']r G T, then W G A(T)(0). 

Next let 

Fi = Ai, 

F2 = {s6 : s e As, be AiVJ As and [s6]^ G T}, 

F3 = {as : a G Ai, s G A5 and [as]/? G T}, 

F4 = {s6s' : s,s' e As, b e A^U As and [s6]^, [bs']R, [sbs']R G T}. 

It is not hard to see that iiW e F1UF2UF3UF4, then \W]r G T. Furthermore F1UF2UF3UF4 C 
A(T)(0). For convenience, for each G C A+ and X G A+, we set XG = {XW : VT G G}. 
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Now we shall define A{T). Let v4(T)(l) = Fi U F2 U F3 U F4 and for each i > 1, let 
A{T){t + 1) = ( U (M(T)(.)) n A(T)(0)) ) U ( U {{XA{T){{)) n A(T)(0)) ] . 

VaGAi / \XeF2 J 

Set A{T) = |Jj>i A{T){i). In the following lemma we shall prove some properties of A{T). 

Lemma 5.3. 

(a) A(r) = A(T)(0). 

(b) A{T) contains the set {W G 1tt{R) : [W]r G T}. 

(c) LetX ^Y eR with [X]r G T. Then X, F G A{T). 

Proof, (a) Clearly A{T) C A{T){0). Let IV G A{T){0). We shall prove by induction on ||W^|| 
that W eA{T). 

Suppose \\W\\ = 1. Since [W]r G T, we must have W e Ai. So W e A{T){1) C A{T). 

Suppose \\W\\ = 2. Then W = a'a, or W = as, or W = sa, or W = ss' {a,a' G Ai, 
s, s' G As). liW = a'a, then W G (a'A(r)(l)) n A(T)(0) C A{T){2) C A(r). If W^ = as, then 
W^ e F3 C A(r)(l) C A{T). liW = saoTW = ss', then VT G F2 C A{T){1) C A(r). 

Suppose ||iy|| > 3. Assume that it is true for all W G A{T){0) with ||iy'|| < \\W\\. 

If W begins with a letter a G Ai, say ly = aiy' where W e A'^, then ||iy|| > 2. Note that 
[W']r G T, for if [W']r e S\T, then by the definition of A{T){0), W G As and ||iy' || = 1, 
contrary to the fact that \\W'\\ > 2. Therefore by Lemma [5. 2 [ W G A{T){0). By induction, 
W G A{T). Let VT' G A(r)(i) for some i > 1. Then W G (aA(T)(2))nA(T)(0) C A{T){t+l) C 

A(r). 

If ly begins with a letter s G A5, say ly = sbW where 6 G Ai U A^ and ly' G A+, then 
llPy'll > L If [W']r eS\T, then by the definition of A{T){0), W = s' for some s' G As, and 
ly = sbs'. Since ly G A{T){0), we have [s6]ij, [6s']r, [sbs']R G T (definition of A{T){0)). This 
means VT G F4 C A(T)(1) C A{T). 

If [iy']R G T, then by Lemma ESI VT' G A(r)(0). By induction, VT' G A{T). Let VT' G 
A{T){i) for some z > 1. Then W G (s6A(T)('0) n A{T){0) C A(T)(i + 1) C A{T). 

The proof of part (a) of the lemma is complete. 

Part (b) follows from part (a) and the fact that A{T){0) contains the set {W G Irr(i?) : 
[W]r G T}. 
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(c) By part (a) of Lemma I5.1[ we conclude that X does not contain any subword Xi with 



[Xi]r e S\T and Xi (^ As. So X G A{T){0) = A{T). Similarly by part (b) of Lemma EH 

Y G A{T). D 

Now we shall define the set B and the homomorphism 0. Let 

Cr = {cas '■ [as]/? G T with a G Ai and s G As}, 
Cli = {csa '■ [soIr G T with a G Ai and s G As}, 
Cl2 = {css' ■ [ss']r G T with s, s' G As}, 

Cmi = {cs'as ■ [s'as]R, [s'oIr, [as]R G T with a e Ai and s, s' G As}, 
Cm2 = {css's" ■ [ss's"]r, [ss']r, [s's"]r G T with s, s', s" G As}. 

Set C = C/j U Cli U Cl2 U Cmi U CAf2 and i? = Ai U C. Since Ai and ^5 are finite, it is 
not hard to see that B is finite. Let 01 : -B — ?■ A^ be defined by 0i(a) = a for all a E Ai and 
01 (cm) = u for all c„ G C (for example 0i(cas) = as for Cas G C*ij). Clearly 0i can be extended to 
a homomorphism : 5+ — ;■ /!+ by defining 0(f/') = 0i(&i) • • • 4>i{bi) for all U' = bi . . .bi E B^. 
Furthermore [0(f/')]ij G T for all U' G -B"*". For convenience, we may define 0(6^) = ^a where 
eR and e^ are empty words in B* and A*, respectively. The following lemma is obvious. 

Lemma 5.4. For all U' G 5+, ||0(t/')|| > ||f/'||. 

We define p : A{T) -^ B+ as follows: 

Let W G A{T). 

(a) Suppose VT G A(T)(1). If VT G Fi, then set p{W) = W. If M/ G F2 U F3 U F4, set 
p{W) = cw (for example ii W = as E F3, then p(Vr) = Cas). 

(b) Suppose W" G A{T){i + l) for some i > 1. Then W = aWi 01 W = sbWi (a G Ai, 
s G A5, 6 G Ai U A5 and Wi G A(T)(i)). If the former holds, set p{W) = ap{Wi). If 
the latter holds, set piW) = CsbpiWi). 

The function p is well-defined can be easily proved by observing that a word from A{T){i + 1) 
is obtained in a unique way from a unique word from A{T){i). As for the homomorphism 0, 
we may define p(e^) = e^. 
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Lemma 5.5. Let U G A(T){1) for some / > 1. Then p{U) = b[. . .b'l where h[ E B. Furthermore 

ifl>l, then b'^e AiU Cl^ U Cl^ for all 1 < i < I - 1. 

Proof. We prove by induction on /. Suppose / = 1. Then p{U) = b[ by the definition of p. 
Suppose / > 1. Assume that it is true for all /' with /' < /. 

Since U G A(T){1), we have either U = aUi or U = sbUi {a E Ai, sb E F2 and f/i G 
A(T){1 — 1)). Suppose U = aUi. Then p{U) = ap{Ui). This means b\ = a E Ai. By induction 
piJJi) = &2 . . . b[. Furthermore if / - 1 > 1 (i.e. / > 2), then b'^, ..., b[_^ G Ai U Cl, U d^- 

Suppose U = sbUi. Then p{U) = CsbpiJJi). This means b'^ = Cst G Cl^ U Cl2- By induction 
p(Ui) = 62 . . . b[. Furthermore if / - 1 > 1 (i.e. / > 2), then b'^, ..., b\_^ e AiU Cl^ U Cl^- 

Hence in either cases the lemma holds. D 

Lemma 5.6. 0(p(t/)) = U for all U G A{T). (Property (P5)). 

Proof We just need to show that for alH > 1, if f/ G A(T){{), then (t>{p{U)) = U. 

Suppose U G A{T){1). If f/ G Fi, then p{U) = U and 0(p(f/)) = U. If f/ G F2 U F3 U F4, 
then p{U) = cu and (f){p{U)) = (p{cu) = U. Assume that it is true for all U' G A{T){i). 

Let U G A{T){i + 1). Then U = aUi or U = sbUi where a G Ai, sb G F2 and Ui G A{T){i). 
If the former holds, then p{U) = ap(Ui) and by induction (f){p{U)) = a(j){p{Ui)) = aUi = U. If 
the latter holds, then p{U) = Csbp{Ui), and by induction (j){p{U)) = (j){csb)(p{p{Ui)) = sbUi = U. 
Hence the lemma holds. D 

Lemma 5.7. Let U' = b\...b[e B+ where b[ e AiVJ Cl^ U Cl^ for alll < i < l-l andb^e B. 
If(f){U') G A{T), then (f){U') G A{T){1) and p{(j){U')) = U' . 

Proof. We prove by induction on /. Suppose / = 1. li b[ = a & Ai, then (f){b[) = a, and 
p{(j){b[)) = b[. If b[ =c,eC, then (f){b[) =ze A{T){1), and p(0(6'i)) = b[. 

Suppose I > 1. Assume that it is true for all I' with V <l. Let U' = b[U[ where U[ = b'2 . . .b[. 
By induction, 0(f/() G A{T){1 - 1) and p{(t){U[)) = U[. Since b[ e Ai U Cl^ U Cl^, we have 
0(6'i) G A1UF2. Therefore 0(t/') = (j){b[)(j){U[) G A{T){1), and p{(j){U')) = b[p{(j){U[)) = b[U[ = 
U'. Hence the lemma holds. D 

We are now ready to define the rules in Rt. Let us begin by recalling some of the results of 
Lemma [5. 3 [ For each X -^ Y ^ R with [X]^ G T, we have X, F G A{T) (part (c) of Lemma 
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I5.3p . Furthermore if F G Irr(i?) and [F]/? G T, then Y G A{T) (part (b) of Lemma 153]) . Recall 
that C = Cr U Cli U Cl2 U Ca/i U Cm2, ^a is the empty word in A*, is a homomorphism of 
B^ into A"*" (furthermore [0(f/')]/j G T for all t/' G -B"^), and p is a function of A{T) into -B^. 
As -R is a finite complete rewriting system, Left(i?) = {X G A^ : X — > F G R} is finite. Let 
X = (maxx6Left(_R) 11-^11) + 4. The rules are grouped into two forms, (^1) and {V2): 



{VI) for each U' G B+ with \\(j){U')\\ < N and 0(f/') ^ Irr(i?), put U' -^ p(0(t/')) in ^t 



where 0(t/') ^|j 0(f/') and 0(f/') G Irr(/?); 
(2)2) for each U' G fi+ with \\U'\\ = 2, 0(f/') G A{T) and f/' ^ p(0(f/')), put U' -> p(0(t/')) 
in Rt. 

Note that the number of rules of the form {T>1) that we put in R^ is finite, for by Lemma 
15.41 the length of U' is bounded and B is finite. Similarly the number of rules of the form {'D2) 
that we put in Rt is also finite. Therefore Rt is finite and [B ; Rt] is finitely presented. Note 
that by the main result in ^ Theorem 6.1], one can get a finite presentation for T by taking 
X sufficiently large. 

Lemma 5.8. Let U', V G B+ . If U' -^r^ V by a rule of the form (V2), then ^{U') = (p{V'). 
Furthermore either 

(i) the number of elements in Cr U Cm^ U Cm2 which appear as letters in the word V is 

less than that in the word U' , or 
(ii) the number of elements in Cr U Cmi U Cm2 which appear as letters in the word V is the 
same as that in the word U' , \\U'\\ = \\V'\\, and there is an element in Cr U Cmi U Cmj 
in which it "moves" further right in the resulting word V than it is in the word U' (the 
element may have changed). 

Proof Let U' ^r^ V by the rule X' -^ p(0(X')) where X' G B+ , \\X'\\ = 2, 0(X') G A{T) 
and X' 7^ p(0(X')). By Lemma l5.6[ 0(p(0(X'))) = 0(X'). Since is a homomorphism, we 
have (piU') = (f){V'). Now we will show that either (i) or (ii) holds. 



If the first letter that appears in X' is not from Cr_ U Cmi U Cm2^ then by Lemma 15. 7[ 
p(0(X')) = X', a contradiction. So we may assume that the first letter that appears in X' is 

from CrUCmi UCm2- 
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By Lemma [5 -Sj p{(j){X')) has at most one letter from Cr U Cmi U 6*^2? which is then the last 
letter. If p{(j){X')) has no letter from Cr U Cmi U CM2i then (i) holds. 

Suppose p(0(X')) has a letter from Cr U Cmi U Cm2- Then 4>{X') = 0(p(0(X'))) ends with 
a letter from As- Let X' = cy where c G C/? U Cm-^ U Ca/j and y E B. Then y ^ Ai U Cl^. 
If y G C/j U Cmi U CAf2 5 then (i) holds. So we may assume that y G C^^j. Let y = Cs"'s""- If 
c = Cas, then p(0(X')) = aCss"'s"", if c = c^a^', then p(0(X')) = C3aCs's"'s"", and if c = c^^s", 
then p((/)(X')) = Css'Cs"s'"s""- Therefore ||p((/)(X'))|| = ||X'|| and (ii) holds. D 

Lemma 5.9. U' ^|j^ p(0(f/')) for all U' G B+ with (piU') G A{T). (Property (P6)). 

Proof. Let U' = h[...h'ie B+ where 6'^ G 5 for all i If h[ e A^U Cl, U Cl, for all 1 < z < / - 1, 
then by Lemma EH p(0(f/')) = U'. Hence U' ^|j^ p(0(f/'))- 



So we may assume that b'^ G Cr U Ca/^ U CAf2 for some 1 < i < I — 1. By Lemma 15.21 and 
part (a) of Lemma ESI 0(^i^i+i) £ ^(^)- By Lemma 1331 &i&i+i 7^ p(0(6^6^^_J). Therefore 
6-&-+1 ^ p(0(6-6-+i)) is a rule of the form {V2) in i?T. 



Let \/' = b[ . . .b[_^p{(l){b[b'i^^))b'i_^2 ■ ■ -b'l- Then t/' ^^j^ V, and by Lemma EH 0(?7') = 
(j){b[ . . .b[) = (piy'). By Lemma 15.81 we conclude that after applying rules of the form (2^2) 
a finite number of times, there is a U" = d[ . . .d'^. G B^ with (i^ G Ai U Cl^ U Cl2 for all 
1 < i < r - 1 and < G 5, such that U' ^|j^ f/" and (f){U') = <f){U"). Again by Lemma EZl 
p(0(f/")) = f/". So U' ^|j^ p(0(f/")) = P(0(f/'))- □ 

Lemma 5.10. Let U' G 5+ and ^ G A+. If (p{U') -^r V, then there is aV e B+ such that 
U' -^R^ V by a rule of the form {VI), and V ^|j <p{V'). 

Proof. Let U' = b[ . . . b'l where b'^ G 5, and ct){U') -^r l^ by a rule X ^ Y in R. Then for some 
non-negative integers ji,J2, X is a subword of 4>{b'j_^ . . . ^j^+jj- We may assume that X is not 
a subword of 0(&j^+i • • • b'j^^jj or 0(6^-^ . . . ^j-^+j^-i)- Since 0(&jj and ^l&j^+jj ^^^ ^^ "^^^^ °^ 



length 3, we deduce that ||0(6;, . . . 6;,+^.J || < ||X|| +4 < X. So b'^^ . . . 6;.^+^, ^ p(0(6;.^ . . . 6;.^+^.J) 



is a rule of the form (Vl) in Rt, where (/.(fe;.^ . . . b'^^^^J ^*j, <P(b'.^ . . . b'j^^^J, 0(6;.^ . . . 6;.^+^.J ^ 



Irr(i?) and 0(6;, . . . 6;,+,.J G Irr(i?). Set V = b[ . . . b'^,_,p{<p{b]^ . . . 6;.^+,.J)6;,+,,+i . . .b[. Then 

f/' ^K, v. 
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By LemmaES <Piy') = <p{h', . . . &;,_i)(0(&;, • • • &U,J)0(&;,+,,+i • • • &D- Let 0(6;, . . . 6;,+,,) = 
W1XW2 where Wx.Wi G A* (we allow W^-, W2 to be empty word). Then 0(6;, . . . ft^-^+jJ -^r 



W,YW, ^\ 0(6;.^... 6;,^^,). Hence V = <P{h',. . .h'^^__,){W,YW,)<P{h'^^^^.^^,. . .h[) ^\ ct>{V'). 

U 

Lemma 5.11. For each U' G B+ there is a U" G B+ such that 0(f/") G A{T) and U' ^|j^ U" . 
(Property (P4)). 

Proof. We shall prove by induction on dn^cpiU')). Suppose dn^cpiU')) = 0. Then 0(t/') G A(T) 
(part (b) of Lemma lOj) . So we may choose U" = U'. Suppose dR{(j){U')) > 0. Assume that it 
is true for all U[ G B+ with dii{(j){U[)) < dR{(f){U')). 

Since dR{(f){U')) > 0, there is a ^ G v4+ such that 0(f/') ->r V". By Lemma 15.101 there 
is a r G 5+ such that U' ^r^ V and V ^|j 0(\/')- Therefore 0(t/') ^|j 0(y'), and 
(iR(0(r')) < dR{(j){U')). By induction, there is a [/" G fi+ such that 0(t/") G A(T) and 
V -^*Rt U"- Hence t/' ^Jj^ f/". D 

Lemma 5.12. Suppose U' -^Rj, V by one of the rules of the form (Dl). Then (p{U') 7^ 4>{V') 
and(f){U') ^*ji(j){V'). 

Proof Suppose U' ^r^ V by a rule of the form (2)1), say X' -^ Y' . Then ||0(X')|| < N, 



0(X') ^ Irr(i?), and Y' = p(0(X')), where 0(X') ^|j 0(X') and 0(X') G Irr(i?). 

Let f/' = W{X'W^ where iy{, W^ G 5* (we allow VT; and W^ to be empty word). Note that 



V = Wlp{(j){X'))W2- By Lemma [5.61 and the fact that is a homomorphism, we must have 



(f)(V') = 0(iyi')0(X')0(W2) 7^ HU'), for otherwise we would have 0(X') = 0(X'). Furthermore 

0(t/')^^0(n- □ 

Lemma 5.13. There does not exist an infinite reduction sequence 

Ui — >_Ry U2 -^Rj. f/3 -^Rj. • • • , 

of words from B+ such that (t){U[) = 0(t/^) = (f){U^) = ■■■. (Property (P3)). 

Proof. Suppose that such a sequence exists. 

Since 4>{U-) = (l){U-_^^{), by Lemma I5.12[ we conclude that U- -^Rj, U-_^_i by a rule of the 
form {T>2). By Lemma [5. 8[ the number of elements in Cr U C^j-^ U Cm2 which appear as letters 
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in the word U-_^_i is either less than that in the word Ul, or the number are the same and 
\\U-\\ = ||f/j'+i||, but it 'moves' to the right. So we deduce that there is an integer io such that 
for all i > io, the number of elements in Cr U Cmi U Cm2 which appear as letters in the word U- 
is the same as in the word t/j'+i, and \\U-\\ = \\U-_^_i\\. So a letter (an element in CrUCm-^ UCM2) 
in the word U- will 'move' further right in the word U-_^^. But this process cannot be continued 
indefinitely as \\Ul\\ = \\U-^i\\. We have obtained a contradiction. D 

Lemma 5.14. For any U',V' E B^ with U' -^*^^ V , we have 0(f/') — J-^ 4>(y')- (Property 
(P2)). 

Proof. It is sufficient to show U' -^r^ V with f/', V G 5+ implies that 0(f/') ^^ (piV'). 

Suppose U' -^Rj. V by a rule of the form (VI). By Lemma 15.121 (f){U') — t-^j (p{V'). Suppose 
U' ^R^ V by a rule of the form {V2). By Lemma EH 0([/') = (f){V'), and thus 0(f/') ^*r 
0(r). D 

Lemma 5.15. For any U G A{T) and Vi G A+ with U -^r Vi, there is a U' E B^ such that 
U -^R Vi ^*^ (f){U') and p{U) ^r^ U' . (Property (PI)). 

Proof. By Lemma [521 U = (f){p{U)). By Lemma [5.10[ there is a f/' G B^ such that p{U) -^r^ 
U' by a rule of the form ("PI), and Vi -^*r 0(f/')- The lemma follows. D 

Proof of Theorem 11.11 Let [A ; i?] be a finitely presented semigroup presentation for S for 
which R is complete. By the reduction process described in Section 4, we may assume that 
(Ql), (Q2) and (Q3) hold. Now the 5-tuple {B,Rt,A{T),(J), p) has been defined. By Theorem 



12. 2[ it is sufficient to show that (B, Rt, A{T),(j), p) has Property 7^ relative to [A ; R]. This 
has been done in Lemma 15. 6[ Lemma 15. 9[ Lemma I5.11[ Lemma I5.13[ Lemma 15.141 and Lemma 

Km n 
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